In this paper, we present a complete classification of Locally Rotationally Symmetric (LRS) Bianchi type I spacetimes according to their Conformal Ricci Collineations (CRCs). When the Ricci tensor is non-degenerate, a general form of the vector field generating CRCs is found, subject to some integrability conditions. Solving the integrability conditions in different cases, it is found that the LRS Bianchi type I spacetimes admit 7, 10, 11 or 15-dimensional Lie algebra of CRCs for the choice of non-degenerate Ricci tensor. Moreover, it is found that these spacetimes admit infinite number of CRCs when the Ricci tensor is degenerate. Some examples of perfect fluid LRS Bianchi type I spacetime metrics are provided admitting non trivial CRCs.
Introduction
The main revolutionary idea behind the Einstein's theory of General Relativity (GR) was that the existence of matter induces curvature in a spacetime. This idea coupled geometry and matter through the well known Einstein's Field Equations (EFEs) [1] :
where R ab , T ab and g ab signify Ricci, stress-energy and metric tensors respectively, R is the Ricci scalar and G is the gravitational constant. Finding the exact solutions of EFEs is an important problem in GR which has opened new avenues to our understanding of the universe. The highly non-linear nature of EFEs poses serious problems in finding their exact solutions. Therefore only a reasonable small number of physically interesting exact solutions of EFEs are presented in the literature [1] [2] [3] . All these solutions are sought using the assumption that they possess some symmetry.
Symmetries (collineations) are vector fields which preserve certain interesting features of spacetime geometry. Some of such features are metric, Riemann, stress-energy and Ricci tensors. For a geometric feature Ω, to be preserved by a collineation vector field ξ, we require that the Lie derivative of Ω vanishes in the direction of ξ, that is [4] :
where L ξ signifies Lie derivative operator along the vector field ξ. The ξ is known as a Killing Vector (KV) if Ω in Eq. (1.2) denotes a metric tensor g ab . If Ω in Eq. (1.2) represents Ricci tensor R ab or Riemann tensor R a bcd , then the corresponding symmetries are called Ricci Collineations (RCs) or Curvature Collineations (CCs) respectively [5] .
Similarly, one can define Matter Collineations (MCs) by replacing Ω in Eq. (1.2) with stress-energy tensor. The KVs are extensively studied to understand the solutions of EFEs and the corresponding conservation laws [1, 2] . RCs and CCs are also widely studied in the literature to understand the physics of spacetimes in GR. As a pioneer, katzin [6] stated that the CCs are worth investigating as they give additional information about the physics of spacetime that was not given by KVs. An entire and significant work on CCs was published by Hall [4] in his book "Symmetries and Curvature Structure in General Relativity", where a classical discussion about other symmetries is also given. As the Ricci tensor is the trace of the Riemann tensor, the RCs have a natural geometric significance [7] [8] [9] . The physical importance of RCs is also investigated in the literature.
Davis et al. [10, 11] discussed this aspect in detail via the conservation laws admitted by particular types of matter fields. They also discussed some interesting applications of the results to relativistic hydrodynamics and plasma physics. Oliver and Davis [12] used RCs to obtain conservation expressions for perfect fluids. Some interesting properties of fluid spacetimes are studied by Tsamparlis and Mason [13] . Apart from these geometric and physical motivations, RCs are also helpful in the classification of known exact solutions as well as in finding the new exact solutions of EFEs [14] [15] [16] [17] [18] [19] .
The inheriting symmetries are of particular interest as they provide a deeper insight into the spacetime geometry and are physically significant. These symmetries are used to search the natural relationship between geometry and matter through the EFEs. One of the well known inheriting symmetries is the Conformal Killing Vector (CKV) which satisfies the relation [4] : null geodesics to null geodesics and preserve the structure of null cone. Also, they generate constants of motion along null geodesics for massless particles. This property connects the conformal symmetry with a well defined, physically meaningful conserved quantity. The effects of conformal symmetries can also be seen at kinematic and dynamic levels [20] . For a more detailed study of CKVs, we refer [21] [22] [23] [24] [25] [26] After the spacetime metric g ab , Ricci tensor R ab is an important candidate as it plays a significant role in understanding the geometric structure of spacetimes. The ξ in Eq. (1.3) is called a CRC if g ab is replaced by R ab . In such a case, Eq. (1.3) can be written in the explicit form as [27, 28] :
For λ = const., a CRC is called a Homothetic Ricci Collineation (HRC) and if λ = 0, the CRCs reduce to RCs. If ξ is both a CKV with conformal factor α and a CRC with a conformal factor λ, then α and λ are related as [27] : 5) where the term within the braces on right hand side is the well known Schouten tensor, denoted by A g . The importance of the Schouten tensor in conformal geometry can be viewed in the decomposition of Riemann curvature tensor R g as
W g is the conformally invariant Weyl tensor of g and is the Kulkarni-Nomizu product.
The set CRC(M ) consisting of all CRCs of a spacetime metric representing a manifold M constitutes a vector space which may be of infinite dimension in case of degenerate Ricci tensor (det R ab = 0). However, for non-degenerate Ricci tensor (det R ab = 0), the set CRC(M ) forms a finite-dimensional Lie algebra such that dim CRC(M ) ≤ 15. The upper bound of the dimension of CRC(M ) is attained if and only if the spacetime is conformally flat [27] .
Whereas the RCs and HRCs are extensively studied in literature [29] [30] [31] , a relatively less interest is taken in the study of CRCs. Only FRW and static spherically symmetric spacetimes are classified according to their CRCs [17, 27] . With the hope that classification of spacetimes by conformal collineations of Ricci tensor may be of interest, we provide a complete classification of LRS Bianchi type I spacetimes via CRCs in this paper. The plan of the paper is as follows:
In next section, we give a brief introduction of Bianchi type spacetimes and present ten coupled CRC equations for LRS Bianchi type I spacetimes. In section 3, we provide a complete classification of these spacetimes according to their CRCs when Ricci tensor is non-degenerate, while in section 4, the CRC equations are solved for degenerate Ricci tensor. In the last section, we conclude our work with a brief summary and some physical implications of the obtained results.
The Bianchi type I, II,...,IX cosmological models are spatially homogeneous spacetimes of dimension 1 + 3 admitting a group of motions G 3 acting on spacelike hypersurfaces [1, 32] .
In literature, these spacetimes have been extensively discussed from the symmetry point of view. Out of these spacetimes, the Bianchi type I are the simplest cosmological models for which G 3 is the abelian group of translations of the three dimensional Euclidian space.
The metric of Bianchi type I spacetimes in the synchronous coordinates has the form [1] :
where h(t), k(t) and l(t) are functions of time coordinate only. Following are the three basic KVs admitted by the above metric:
If two of the metric functions h, k and l are equal, then the Bianchi type I spacetimes reduce to the important class of LRS spacetimes [1] and in such a case an additional rotational KV z∂ y − y∂ z is also admitted. For our study, we take k = l in (2.1) and calculate the CRCs for the resulting LRS Bianchi type I metric. The surviving components of the Ricci tensor for this metric are:
where the primes on the metric functions denote their derivative with respect to t. The Ricci curvature scalar R becomes:
The Ricci tensor metric for LRS Bianchi type I spacetimes can be expressed as: 
Using the Ricci tensor components from (2.3) in Eq. (1.4), we have the following CRC equations:
The above system contains ten first order coupled partial differential equations which are linear in the conformal vector ξ = (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) and the conformal factor λ. The explicit form of CRCs in LRS Bianchi type I spacetimes can be found by solving this system of equations. In the forthcoming two sections, we solve these equations by considering the non-degenerate and degenerate Ricci tensor cases, without using any form of the stressenergy tensor T ab .
In this section, we consider the Ricci tensor R ab to be non-degenerate, that is detR ab = 0.
This means that A, B and C all are non zero. Using some algebraic calculations, the general solution of Eqs. (2.7)-(2.16) in terms of some unknown functions of t and x is found as:
with the conformal factor:
The above solution is found subject to the following integrability conditions:
To get the final form of CRCs and the associated conformal factor, we need to solve Eqs.
, z, y and
using the Einstein summation convention we can write the system (3.1) and the conformal factor given in (3.2) as follows:
Also, the integrability conditions (3.3)-(3.14) reduce to:
where 
As mentioned before, the LRS Bianchi type I spacetimes admit minimum four KVs. Also it is well known that every KV is a RC, so the set of CRCs obtained by solving the system of Eqs. 
CRCs for Degenerate Ricci Tensor
If the Ricci tensor is degenerate, that is detR ab = ABC 2 = 0, then either A = B = C = 0 where every direction is a CRC or one of the following possibilities hold.
In all the above cases, we directly solve the system of Eqs. (2.7)-(2.16). In case D1, we are left with the following equations:
Solving Eqs. (4.2) and (4.3), we have
where f (t, x) and g(t) are arbitrary functions of integration. Using the above value of ξ 0 in Eq. (4.1), we get:
Simplifying Eq. (4.4) after using Eqs. (4.5) and (4.6), we have:
which is a highly non linear equation and cannot be solved generally. However, one can choose some specific values of the functions f (t, x) and g(t) such that it holds true. With these values of f (t, x) and g(t), we would be able to write the two components ξ 0 and ξ It is straightforward to solve the CRC Eqs. (2.7)-(2.16) in the remaining five cases and to see that each case yields infinite number of CRCs. We exclude the basic calculations and present the obtained results of all these cases in Appendix B (Table 9 ).
Summary and Discussion
In this paper, the LRS Bianchi type I spacetimes are completely classified according to their CRCs. It is the extension of our previous work [29] about HRCs in the same spacetimes.
Setting the conformal factor λ = 0, we can also obtain the classification of LRS Bianchi type I spacetimes according to their RCs. To achieve a complete classification of LRS Bianchi type I spacetimes according to their CRCs, we have considered both degenerate and non-degenerate Ricci tensor cases. The first outcome of our study is that if the Ricci tensor is degenerate, then the LRS Bianchi type I spacetimes admit infinite number of CRCs. Moreover, our study shows that these spacetimes admit 7, 10, 11 or 15-dimensional give the exact form of LRS Bianchi type I spacetimes admitting these CRCs. It can be seen that these differential constraints are highly non-linear, so it is not easy to solve them generally. However, our classification shows that CRCs exist in principle. Also, we may choose some specific metric functions h and k so that these differential constraints hold true. As an example, setting h(t) = t and k(t) = t 2 , we get the following LRS Bianchi type I spacetime metric:
The above metric satisfies all the constraints of case ND5(b) and hence it admits 15 CRCs as given in Table 4 . Out of these 15 CRCs, seven are RCs and remaining eight are proper
CRCs. The Ricci scalar R for the above metric is found as R = During our classification via CRCs, we have not mentioned any form of the stress-energy tensor T ab . For the physical implications of the obtained results, if we assume a perfect fluid as a source of the stress-energy tensor, then T ab has the form [14] :
where p, ρ and u a are the pressure, energy density and the four velocity of the perfect fluid. We choose the fluid velocity as u a = δ a 0 , then from Eq. (5.2), one can obtain T 00 = ρ, T 11 = ph 2 and T 22 = T 33 = pk 2 , which give the following perfect fluid matter tensor metric:
which is positive definite if ρ > 0 and p > 0. Also, the system (2.6) reduces to:
With the help of (5.4), we can write the Ricci tensor components given in (2.3) as follows:
and the Ricci tensor metric, given in (2.5) becomes: 
where γ is a constant. The parameters γ = 1, 2 and 4 3 correspond to dust filled universe, stiff matter and incoherent radiation respectively. Also γ = 0 implies vacuum fluid. For a perfect fluid, the energy conditions are [14] :
In our study of CRCs in LRS Bianchi type I spacetimes, perfect fluid is not allowed in some of the degenerate cases, namely D1, D3, D5 and D6. Therefore, we may choose some other matter for these cases. In case D2, we have the equation of state 3p + ρ = 0 which violates the strong energy condition. Also, (2.3) implies h k + 2hk = 0. We may choose some specific functions h(t) and k(t) satisfying this relation to form the exact form of perfect fluid LRS Bianchi type I spacetimes metric. Following is one of such metrics:
The components of stress-energy tensor for the above metric are T 00 = . Similarly, the constraints in case D4 imply p = ρ = A 2 which is the condition for stiff matter. In this case, the system (2.3) gives h k + 2h k = 0 and hkk + h kk + hk 2 = 0. Following is one of the perfect fluid LRS Bianchi type I metric satisfying these equations:
Here the Ricci scalar gets the value R = . The stress-energy tensor components are
, T 11 = − , which violate the energy conditions. Also, it is interesting to see that the corresponding matter tensor metric is non-degenerate having negative definite signature.
In case ND1, the conditions of perfect fluid imply 3p + ρ = 2, ρ = In the remaining non degenerate cases, the conditions of a perfect fluid establish relation between pressure p and energy density ρ of the fluid, however the system (2.3) produces some highly non linear differential constraints involving h and k which cannot be solved easily. One may choose some particular values of h and k satisfying these differential constraints to form the exact form of perfect fluid LRS Bianchi type I spacetime metrics.
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